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NON TRIVIAL EXAMPLES OF COUPLED EQUATIONS
FOR KÄHLER METRICS AND YANG-MILLS
CONNECTIONS
JULIEN KELLER AND CHRISTINA W. TØNNESEN-FRIEDMAN
Abstract. We provide non trivial examples of solutions to the sys-
tem of coupled equations introduced by M. García-Fernández for the
uniformization problem of a triple (M,L,E) where E is a holomorphic
vector bundle over a polarized complex manifold (M,L), generalizing the
notions of both constant scalar curvature Kähler metric and Hermitian-
Einstein metric.
1. Introduction
In his Ph.D thesis [7] (see also [1]), M. García-Fernández introduced a
natural system of equations, called “coupled equations” that is related to
a very simple data, composed by a Kähler manifold, a Kähler class and a
vector bundle on the underlying manifold. Let us recall briefly how this
system appears through a moment map construction.
Let (M,ω) be a compact symplectic manifold, G a compact Lie group and
pi : E →M a smooth principal G-bundle onM . Let J be the space of almost
complex structures compatible with ω, and A(E) be the space of connections
on E. One can consider the extended gauge group G˜ of E. It is the group of
automorphisms of E that cover the hamiltonian symplectomorphisms H of
M . We mean that for such an automorphism a, pi◦a = h◦pi where h ∈ H is a
symplectomorphism of M , and in particular this group G˜ contains the gauge
group of E. It is possible to check that there is a surjection map p : G˜ 7→ H
[7, Section 2.2]. Using this surjection, one can define an action of a ∈ G˜ on
J ×A(E), by
a · (J,A) = (p(g)∗J, g · A) = (dp(g) ◦ J ◦ (dp(g))
−1, g ◦A ◦ g−1).
Using the symplectic structures ωJ , ωA(E) on J and A(E), one can fix a
symplectic form on J ×A(E) by
(1) Ω = α0ωJ +
α1
(n− 1)!
ωA(E),
for α0, α1 two real constants. Of course this choice is not canonical a priori,
but this is probably the simplest one. In this setting, there is a moment map
This work was partially supported by a grant from the Simon’s Foundation (208799 to
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µ : J × A(E) → Lie(G˜)∗ associated to the action of G˜ and the symplectic
structure Ω we have just described [7, Proposition 2.3.1].
Let us assume from now that M has a Kähler structure, ω is a Kähler
form,. We can restrict our attention to J i ⊂ J the set of integrable almost-
complex structures that are compatible with ω, and A1,1J (E), the subset of
compatible connections A on E such that F 0,2A = F
2,0
A = 0 with respect to
the structure J . There is a G˜-invariant complex submanifold S ⊂ J ×A(E)
consisting of pairs (J,A) such that J ∈ J i and A ∈ A1,1J (E). There is a
Kähler form on the non singular part of this complex submanifold S obtained
by restriction of Ω and thus an induced moment map µ from the G˜-action
by holomorphic isometries.
A pair (J,A) ∈ S is solution of the following system of two equations, namely
the coupled equations
(2)
{
ΛωFA = z,
α0Scal(gJ ) + α1Λ
2
ω(FA ∧ FA) = α2.
if its orbit belongs to the Kähler reduction µ−1(0)/G˜. Here gJ is the metric
gJ = ω(·, J ·) induced by the Kähler form ω and the structure J ∈ J
i,
Scal(gJ ) the scalar curvature of gJ , Λω the contraction operator with respect
to the form ω, FA the curvature of A, and α2 a constant dependent on α0,
α1, the Kähler class, and topological constants. Likewise z is determined by
the Kähler class, and topological constants (see Remark 1.2 in [1]).
Of course when one considers a trivial bundle E, it turns out that the
coupled system can be solved by finding a constant scalar curvature Kähler
metric and a flat connection. From Fujiki and Donaldson’s work, it is well-
known that the constant scalar curvature Kähler equation (cscK equation
in short) appears as prescribing a zero of the moment map induced by the
action of the hamiltonian symplectomorphisms H on the integrable complex
structures J i, see [5] for details. On the other hand, the first equation of (2)
appears naturally when one is considering the action of the gauge group of E
[6, Chapter 6] in view of the Kobayashi-Hitchin correspondence. Certainly,
the motivation to study the coupled equations (2) is coming from the natural
question: what is a good moduli problem for a tuple (M,L,E) where (M,L)
is a compact polarised manifold with a Kähler class 2pic1(L) and E is a
holomorphic GC-bundle over M ? It is also natural to wonder what are
the natural geometric perturbations of the cscK equation, and to analyze
its perturbations in terms of K-stability [7, Chapter 4], in order to test the
so-called Yau-Tian-Donaldson conjecture.
In order to do so, one is lead to construct non trivial examples (α0α1 6= 0)
of solutions to the coupled equations (2) for the tuple (M,L,E) chosen as
before. M. García-Fernández showed that it is possible to obtain examples
by deformations (when α1
α0
is small enough) of a manifold M that carries a
constant scalar curvature Kähler metric and a Hermitian-Yang-Mills holo-
morphic vector bundle, if the automorphism group ofM is finite [7, Theorem
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3.2.4]. The proof reduces to an implicit function theorem and the assumption
on the automorphism group allows to invert the linearization operator. Also,
when M has complex dimension 1, the term FA ∧ FA vanishes and one can
provide solutions to the coupled equations by considering the Kobayashi-
Hitchin correspondence for holomorphic bundles, i.e Mumford polystable
bundles on the complex curve. On compact homogeneous Kähler-Einstein
surfaces, examples can be provided by considering anti-self-dual connections.
In higher dimensions, examples can be found by using projectively flat bun-
dles over a manifold with constant scalar curvature metric and satisfying a
natural topological condition. As one can remark, all these examples are
very specific since they hold on manifolds that carry a constant scalar cur-
vature Kähler metric. It is natural to wonder if one can find new examples
of solutions to the coupled equations on complex manifolds such that there
is no solution to the cscK equation in the class 2pic1(L). The main goal of
this paper is to construct such examples over a ruled surface and a ruled
threefold.
We would like to thank Mario García-Fernández for very useful discussions. We are
also thankful for numerous helpful conversations with Vestislav Apostolov, David
Calderbank, and Paul Gauduchon. C. Tønnesen-Friedman would like to thank
them for involving her in their project on admissible manfolds long time ago. The
results of that project play a crucial technical role in this paper.
2. Examples of solutions to coupled equations on Hirzebruch
type ruled surfaces
Let us consider a ruled manifold of the form M = P(O ⊕ L)→ Σ, where
Σ is a compact Riemann surface, L is a holomorphic line bundle of degree
k ∈ Z∗+ on Σ, and O is the trivial holomorphic line bundle. Let gΣ be the
Kähler metric on Σ of constant scalar curvature 2sΣ, with Kähler form ωΣ,
such that c1(L) = [
ωΣ
2pi ]. Let KΣ denote the canonical bundle of Σ. Since
c1(K
−1
Σ ) = [ρΣ/2pi], where ρΣ denotes the Ricci form, we have the relation
sΣ = 2(1− h)/k, where h denotes the genus of Σ.
The natural C∗-action on L extends to a holomorphic C∗-action on M .
The open and dense set M0 of stable points with respect to the latter action
has the structure of a principal C∗-bundle over the stable quotient. The
hermitian norm on the fibers induces via a Legendre transform a function
z : M0 → (−1, 1) whose extension to M consists of the critical manifolds
E0 := z
−1(1) = P (O ⊕ 0) and E∞ := z
−1(−1) = P (0⊕ L).
These zero and infinity sections, E0 and E∞, of M → Σ have the property
that E20 = k and E
2
∞ = −k, respectively. If C denotes a fiber of the ruling
M → Σ, then C2 = 0, while C ·Ei = 1 for both, i = 0 and i =∞. Any real
cohomology class in the two dimensional space H2(M,R) may be written as
a linear combination of (the Poincaré duals of) E0 and C,
m1E0 +m2C .
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Thus, we may think of H2(M,R) as R2, with coordinates (m1,m2). The
Kähler cone K may be identified with R2+ = {(m1,m2) | m1 > 0,m2 > 0}
(see [8] or Lemma 1 in [13]). To calculate m1 and m2 for a real cohomology
class Γ ∈ H2(M,R) it is useful to notice that we have{ ∫
E0
Γ = Γ · E0 = (m1E0 +m2C) ·E0 = km1 +m2,∫
C
Γ = Γ · C = (m1E0 +m2C) · C = m1.
(3)
Thus, we get m1 =
∫
C
Γ and m2 =
∫
E0
Γ− k
∫
C
Γ.
We shall use the techniques developed in [2, 3] to build a solution to
the coupled equations (2) and check that the manifold M does not carry a
constant scalar curvature Kähler metric. To build the so-called admissible
metrics [3] on M we proceed as follows. Let θ be a connection one form for
the Hermitian metric on M0, with curvature dθ = ωΣ. Let Θ be a smooth
real function with domain containing (−1, 1). Let x be a real number such
that 0 < x < 1. Then an admissible Kähler metric is given on M0 by
(4) g =
1 + xz
x
gΣ +
dz2
Θ(z)
+ Θ(z)θ2
with Kähler form
(5) ω =
1 + xz
x
ωΣ + dz ∧ θ .
The complex structure yielding this Kähler structure is given by the pullback
of the base complex structure along with the requirement
(6) Jdz = Θθ
The function z is hamiltonian with K = J grad z a Killing vector field. Ob-
serve that K generates the circle action which induces the holomorphic C∗-
action on M as introduced above. In fact, z is the moment map on M for
the circle action, decomposing M into the free orbits M0 = z
−1((−1, 1)) and
the special orbits z−1(±1). Finally, θ satisfies θ(K) = 1. In order that g (be
a genuine metric and) extend to all of M , Θ must satisfy the positivity and
boundary conditions
(i) Θ(z) > 0, −1 < z < 1, (ii) Θ(±1) = 0, (iii) Θ′(±1) = ∓2.(7)
The last two of these are together necessary and sufficient for the compacti-
fication of g. Define a function F (z) by the formula
(8) Θ(z) =
F (z)
(1 + xz)
Since (1 + xz) is positive for −1 < z < 1, conditions (7) imply the following
equivalent conditions on F (z):
(i) F (z) > 0, −1 < z < 1, (ii) F (±1) = 0, (iii) F ′(±1) = ∓2(1 ± x).
(9)
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The volume form of g in (4) is given by
dµg =
ω ∧ ω
2
=
1 + xz
x
ωΣ ∧ dz ∧ θ ,
while the Ricci form is given by
ρg =
(
sΣ −
F ′(z)
2(1 + xz)
)
ωΣ − d
(
F ′(z)
2(1 + xz)
)
∧ θ ,
and the scalar curvature is given by
Scal(g) =
2sΣx
1 + xz
−
F ′′(z)
1 + xz
.
The calculations of these geometrical terms can be found in [2].
Now, since E0 = z
−1(1) and k = c1(L) = [
ωΣ
2pi ] we have that∫
E0
[ω] =
1 + x
x
∫
Σ
ωΣ =
2pik(1 + x)
x
.
It is also easy to see that∫
C
[ω] =
∫ 2pi
0
∫ 1
−1
dz ∧ dt = 4pi,
where t ∈ [0, 2pi] is a fibre coordinate of M0 → Σ× (−1, 1) in a gauge chosen
such that the connection form θ has no dz components. Therefore, from (3),
we have that
(10) [ω] = 4piE0 +
2pi(1 − x)k
x
C .
and we fix x = k
k+k′ with k
′ ∈ Z∗+. The (1, 1) form
ρg −
Scal(g)
4
ω =
(
2sΣx(1 + xz) + F
′′(z)(1 + xz)− 2xF ′(z)
4(1 + xz)2
)
×
(
1 + xz
x
ωΣ − dz ∧ θ
)
is traceless and therefore anti-self-dual. Using this, we easily check that the
form
α :=
x2
(1 + xz)2
(
1 + xz
x
ωΣ − dz ∧ θ
)
,
which does not depend on F (z), is both closed and anti-self-dual. Since
the second Betti number b2(M) of our ruled surface M is two, while the
signature, σ, is zero, a basis for the vector space of harmonic real (1, 1)-
forms on (M,g) would be given by {ω,α}. Now,∫
E0
[α] =
x
(1 + x)
∫
Σ
ωΣ =
2pikx
(1 + x)
and ∫
C
[α] = −x2
∫ 2pi
0
∫ 1
−1
(1 + xz)−2dz ∧ dt =
−4pix2
1− x2
.
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We therefore have that
[α] =
2pix
1− x2
(−2xE0 + k(1 + x)C) .
Consider the (1, 1) form γa,b = aω + b α for some constants a, b. Since
(11)
[γa,b
2pi
]
=
2(a(1 − x2)− bx2)
1− x2
E0 +
k(a(1 − x)2 + bx2)
x(1− x)
C
it is easy to see that for appropriate choices of a and b, [
γa,b
2pi ] is an integral
class and thus γa,b may be viewed as the curvature form FA of some con-
nection A on some stable vector, E, bundle over M (of course in that case
E is a line bundle). Actually any choice of a ∈ Z and b integer multiple of
(2k+k′)k′
k2
will imply that [
γa,b
2pi ] belongs to H
2(M,Z).
We easily calculate that
(12) Λωγa,b = 2a,
which corresponds to the first equation of the system (2). The second equa-
tion of the coupled equations (2) in the variables (g, ω, J) on M and γa,b on
E, corresponds to
(13) α0Scal(g) + α1Λ
2
ω (γa,b ∧ γa,b) = α2,
for some constants α0, α1, α2 ∈ R. It is straightforward to verify that
(14) γa,b ∧ γa,b = 2
(
a2 −
b2x4
(1 + xz)4
)
dµg ,
and since Λ2ωdµg = 2 (see e.g. 2.77 in [4]), we have that
Λ2ω (γa,b ∧ γa,b) = 4
(
a2 − b
2x4
(1+xz)4
)
.
Assuming that (g, ω, J) is admissible, and hence determined by F (z) satis-
fying (9), we get that (13) is equivalent to
α0
(
2sΣx
1 + xz
−
F ′′(z)
1 + xz
)
+ 4α1
(
a2 −
b2x4
(1 + xz)4
)
= α2.
Unless b = 0 we have that α0 must be non-zero. Otherwise, if b = 0, we only
get a trivial solution since M admits no constant scalar curvature Kähler
metrics. We therefore arive at the following ODE
(15) F ′′(z) = 2sΣx+
4α1
α0
(
a2 −
b2x4
(1 + xz)4
)
(1 + xz)−
α2
α0
(1 + xz).
Integrating twice we see that this has a solution, satisfying (9), if and only
if
(16)
α1
α0
=
−(1− x2)2(2− sΣx)
8b2x4
and
(17)
α2
α0
=
3b2x4(2 + sΣx)− a
2(2− sΣx)(1 − x
2)2
2b2x4
.
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In that case we find a unique solution
(18) F (z) =
(1− z2)(x2(2 + sΣx)z
2 + 8xz+ 4 + 2x2 − sΣx
3)
4(1 + xz)
and then
(19) Scal(g) =
3(2 + sΣx)
2
−
(2− sΣx)(1 − x
2)2
2(1 + xz)4
Since sΣx < 2, Scal(g) is not an affine function of z and hence not an
extremal Kähler metric [2] (remark that the bundle O ⊕ L → Σ is not
Mumford polystable so M does not have a constant scalar curvature Kähler
metric). For the same reason, we also notice that α1
α0
< 0 and thus the form
Ω defined by (1) is symplectic and not Kähler. Finally, with notations above,
we set
(20) x =
k
k + k′
, a = k1, b =
k2(2k + k
′)k′
k2
,
in the previous equations with k′ ∈ Z∗+, k1 ∈ Z, k2 ∈ Z
∗. Furthermore,
the condition F (z) > 0 is satisfied for all −1 < z < 1. Actually, if we set
f(z) = x2(2+sΣx)z
2+8xz+4+2x2−sΣx
3, then f(−1) = 4(1−x)2 > 0 and
f(1) = 4(x+ 1)2 > 0. If (2 + sΣx) ≤ 0 it is then straightforward to see that
f(z) > 0 for −1 ≤ z ≤ 1. Since f ′(−1) = 2x(4 − 2x − sΣx
2) > 0 the same
can be concluded if (2 + sΣx) > 0. Eventually, in both cases, F is strictly
positive.
Thus, we have obtained that conditions (9), equations (13) and (12) are all
satisfied and the system of coupled equation admits a solution in integral
classes from (10) and (11). This leads to the following result.
Proposition - Example 1. Assume that M = P(O ⊕ L) → Σ is a ruled
manifold with L of degree k ∈ Z∗+. Fix k
′ ∈ Z∗+, k1 ∈ Z, k2 ∈ Z
∗. Con-
sider the integral classes L := 2E0 + k
′C and E := 2(k1 − k2)E0 + (k1k
′ +
k2(2k + k
′))C. Then, there exists an admissible Kähler metric ω ∈ 2pic1(L),
a complex structure J defined by (6),(8),(18), and a connection A ∈ A1,1J (E)
such that the triple (ω, J,A) is a solution to the coupled equations (2). The
constants (α0, α1, α2) satisfy
α1
α0
= − (2−sΣ)k+2k
′
8k2
2
(k+k′)
< 0. Furthermore there is
no constant scalar curvature Kähler metric in 2pic1(L).
Note that once the bundle E and the class L are fixed as in our proposition,
the solution (ω, J) is unique in the set of admissible Kähler metrics, up to
automorphisms.
2.1. About the Calabi-Yang-Mills functional . We are now going to
consider the coupled equations from a variational point of view but in a
sligthly different setup than in [7] and [1] where the constants αi are all
positive. First of all, using the fact that for any A ∈ A1,1(E)
(21) |FA|
2 = |ΛωFA|
2 −
1
2
Λ2ω(FA ∧ FA)
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the system of coupled equations is equivalent to
(22)
{ ΛωFA = z,
α0Scal(gJ )− 2α1|FA|
2 = α2 − 2α1|z|
2,
and we shall consider the case α0 6= 0. It is natural to introduce the Calabi-
Yang-Mills type functional
CYM(g,A) =
∫
M
(
Scal(g)− 2
α1
α0
|FA|
2
)2
dµg + ‖FA‖
2,
and the constant
α2 =
4piα0
(n− 1)!
〈c1(M) ∪ [ω]
n−1, [M ]〉
V olM ([ω])
+
2α1
(n− 2)!
〈c(E) ∪ [ω]n−2, [M ]〉
V olM ([ω])
which appears when one is integrating over the manifold M the second equa-
tion of the system (2). Here we assume that the complex structure is fixed
and g varies among Kähler metrics with a fixed Kähler class 2pic1(L).
Remark 2.1. Our functional CYM differs from [7]. Indeed we choose our
functional such that, up to a renormalization, it is globally invariant if we
do the change of metric ω → tω and change accordingly the constants α0, α1
by tα0, t
2α1 in (2). Furthermore, when α1 → 0, it reduces to precisely the
sum of the Calabi functional and the Yang-Mills functional.
Now, with (21), we get that
CYM(g,A) =
∫
M
(
Scal(g) − 2
α1
α0
|FA|
2 −
α2
α0
+ 2
α1
α0
|z|2
)2
dµg
+‖FA‖
2
L2
+2
(
α2
α0
− 2
α1
α0
|z|2
)∫
M
(Scal(g) − 2
α1
α0
|FA|
2)dµg
−
(
α2
α0
− 2
α1
α0
|z|2
)2
V olM ([ω]),
=
∥∥Scal(g) − 2α1
α0
|FA|
2 −
α2
α0
+ 2
α1
α0
|z|2
∥∥2
L2
+
(
1− 4
α2α1
α20
+ 8
α21
α20
|z|2
)
‖ΛωFA
∥∥2
L2
+δ(E, [ω],M,α),
where δ(E, [ω],M,α) is a constant dependant only on topological constants
of (E, [ω],M) and the triple α = (α0, α1, α2). Remark that we can write
‖ΛωFA
∥∥2
L2
= ‖ΛωFA − z
∥∥2
L2
+ 2z
∫
M
FA ∧ ω
n−1 − |z|2V olM ([ω]),
= ‖ΛωFA − z
∥∥2
L2
+ δ′(E,M, [ω]),
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where δ′(E,M, [ω]) depends only on [ω] and the topology of (E,M). There-
fore, we obtain
CYM(g,A) =
∥∥Scal(g) − 2α1
α0
|FA|
2 −
α2
α0
+ 2
α1
α0
|z|2
∥∥2
L2
+
(
1− 4
α2α1
α20
+ 8
α21
α20
|z|2
)
‖ΛωFA − z
∥∥2
L2
+δ′′(E, [ω],M,α),
with δ′′(E, [ω],M,α) a topological constant. We claim that for several
choices of ω,L,E in Theorem 1, there exists a solution to the coupled equa-
tions (2) that minimize the CYM functional.
Actually, we remark that if one has the inequality
(23)
(
1− 4
α2α1
α20
+ 8
α21
α20
|z|2
)
> 0,
then we get
CYM(g,A) ≥ δ′′(E, [ω],M,α),
and the equality is achieved precisely for a solution to (2). From (17) and
(20), we remark by a direct computation that the limit when k′ → +∞ of
the LHS of (23) is
1 +
3
k22
+
a2
k42
Thus, if we choose k′ large enough (hence x > 0 small enough), we get
the required inequality (23) and independently of the choice of the other
parameters .
Another possible choice is to take the limit k2 → ±∞ and in that case the
LHS of (23) tends to 1. We can also do the following choice : α2 = 0 with
k1 = k2 = a, k
′ = k, b = 3a, x = 12 and sΣ = −2 which implies again that
the solutions of the coupled equations minimize the CYM functional.
From our discussion we obtain the following corollary.
Corollary 1. In Theorem 1, there exists for k′ large enough or |k2| large
enough (or for the choice sΣ = −2, b = 3a, k
′ = k) a solution to the coupled
equations (2) that is the absolute minimum of the CYM functional.
Let us discuss now briefly the uniqueness of the solutions we found. We
know that at the level of Chern classes,
c1(M) = 2H − p
∗c1(O ⊕L) + p
∗c1(Σ),
where H ∈ |OM (1)| and p : M → Σ is the canonical projection of the ruled
manifold M to the surface Σ. Thus for our last choice above (α2 = 0 and Σ
has genus h = 1+ k, k ∈ Z∗+), we are under the conditions of [7, Proposition
3.5.3 (2)] since c1(M) ≤ 0 for k large enough. Thus we have constructed
a family ((M,J), E, 2pic1(L)) with solutions (g,A) to the coupled equations
(2) such that the associated Kähler form ω is unique in the Kähler class
2pic1(L).
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3. Examples of solutions to coupled equations on the total
space of a projective bundle over a product of two
Riemann surfaces
In order to obtain a form Ω defined by (1) which is Kähler we would like
to construct an example of solutions to (2) where α1/α0 > 0. To that end,
we change the setting a little bit to gain more flexibility.
Let us consider a ruled manifold of the form M = P(O ⊕ L) → Σ1 × Σ2,
where Σi, i = 1, 2 is a compact Riemann surface, L = L1 ⊗ L2, where Li
is a holomorphic line bundle of degree ki ∈ Z
∗ on Σi, and O is the trivial
holomorphic line bundle. Let ±gi be the Kähler metric on Σi of constant
scalar curvature ±2si, with Kähler form ±ωi, such that c1(Li) = [
ωi
2pi ]. If we
denote the genus of Σi by hi, we have the relation si = 2(1−hi)/ki. Similarly
to the previous section, the zero and infinity sections of M → Σ1 × Σ2 are
denoted by E0 and E∞. Further, M0 and z : M0 → (−1, 1) are defined as
before, while θ now satisfies dθ = ω1+ω2. Let x1 6= x2 be real numbers such
that 0 < |xi| < 1 and
ωi
xi
is positive. If, again, Θ is a smooth real function
with domain containing (−1, 1) and satisfying (7) we now have an admissible
metric on M which on M0 is given by
(24) g =
1 + x1z
x1
g1 +
1 + x2z
x2
g2 +
dz2
Θ(z)
+ Θ(z)θ2
with Kähler form
(25) ω =
1 + x1z
x1
ω1 +
1 + x2z
x2
ω2 + dz ∧ θ ,
and the complex structure given as in the previous section. If we set
Θ(z) =
F (z)
(1 + x1z)(1 + x2z)
,
then the boundary conditions (7) now become equivalent to
(i) F (z) > 0, −1 < z < 1,
(ii) F (±1) = 0,
(iii) F ′(±1) = ∓2(1± x1)(1± x2).(26)
and the scalar curvature of g equals
(27) Scalg =
2s1x1
1 + x1z
+
2s2x2
1 + x2z
−
F ′′(z)
(1 + x1z)(1 + x2z)
.
Consider the 2-form η = d(zθ) on M0. By the discussion of Section 1.3
in [3] this form is well-defined and closed on M . In fact, [η] is the Poincaré
dual of 2pi[E0 + E∞] and H
2(M,R) is generated by [η] and pullbacks from
Σ1 × Σ2. Further [η/(4pi)] generates H
2(p−1(x),Z) where p−1(x) denotes a
fibre of p : M → Σ1×Σ2 while [ωi/(2piki)] (appropriately lifted) is a primitive
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integer class as well. We may write the Kähler class of our admissible metrics
as
(28) [ω] =
2pi
x1
[ω1/(2pi)] +
2pi
x2
[ω2/(2pi)] + 4pi[η/(4pi)].
Notice that as long as x1 and x2 are rational numbers, [
ω
2pi ] is a rational class
and hence by rescaling the Kähler metric as necessary, we obtain an integer
class and a corresponding line bundle L. Such a rescaling would rescale
α1/α0 from the coupled equations by the same factor, but would not change
its sign and would not change the qualitative properties of e.g. the CYM
functional. In what follows we shall therefore ignore this rescaling factor.
Let
α = (ω1 + ω2)f + df ∧ θ,
where f = 1(1+x1z)(1+x2z) . It is easy to see that α is closed. If 〈., .〉 denotes the
inner product on 2-forms induced by the metric g, we observe that 〈α, ω〉 = 0
using the following facts
〈
1 + xiz
xi
ωi,
1 + xjz
xj
ωj〉 = δij ,
〈
1 + xiz
xi
ωi, dz ∧ θ〉 = 0,
〈dz ∧ θ, dz ∧ θ〉 = 1.
Now [α] = m1[ω1/(2pi)] +m2[ω2/(2pi)] + n[η/(4pi)] for some n,m1,m2 ∈ R.
By integrating along the fibre C of the ruling and along Σi as embedded
in E0 = z
−1(1), we can determine the value of n and mi, i = 1, 2. Indeed,
if [α] = m1[ω1/(2pi)] +m2[ω2/(2pi)] + n[η/(4pi)] then (allowing for a slight
abuse of notation) ∫
C
[α] = n
while ∫
Σi⊂E0
[α] = (mi +
n
2
)
∫
Σi
ωi
2pi
= (mi +
n
2
)ki
(using that η = zdθ+ dz∧ θ = z(ω1+ω2)+ dz∧ θ). On the other hand, since
α = (ω1 + ω2)f + df ∧ θ, we also have that∫
C
[α] =
∫
C
df ∧ θ = 2pi(f(1) − f(−1))
and ∫
Σi⊂E0
[α] = f(1)
∫
Σi
ωi = 2pif(1)ki,
and so, using that f = 1(1+x1z)(1+x2z) , we get
n =
−4pi(x1 + x2)
(1− x21)(1− x
2
2)
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while
m1 = m2 =
2pi(1 + x1x2)
(1− x21)(1 − x
2
2)
.
Similarly to the previous section we now define γa,b = aω + bα. From the
discussion above we see that
[γa,b] = 2pi
(
a
x1
+ b(1+x1x2)
(1−x2
1
)(1−x2
2
)
)
[ω1/(2pi)]
+ 2pi
(
a
x2
+ b(1+x1x2)
(1−x2
1
)(1−x2
2
)
)
[ω2/(2pi)]
+ 4pi
(
a− b(x1+x2)
(1−x2
1
)(1−x2
2
)
)
[η/(4pi)].
Given values of x1 and x2, it is now clear that we can choose a, b ∈ R such
that [
γa,b
2pi ] is an integer class.
Using that for any (1, 1) forms β, δ, we have
Λ2ω(β ∧ δ) = 2(〈β, ω〉〈δ, ω〉 − 〈β, δ〉),
we calculate that
Λ2ω(γa,b ∧ γa,b) = 12a
2 − 2b2
x2
1
(1+x2z)2+x22(1+x1z)
2+(x1(1+x2z)+x2(1+x1z))
2
(1+x1z)4(1+x2z)4
.
Since Λωγa,b = 3a, and the scalar curvature is given by (27) the coupled
equations (2) are satisfied, in the case α0 6= 0, if and only if
F ′′(z) = 2s1x1(1 + x2z) + 2s2x2(1 + x1z)
+(12a2 α1
α0
− α2
α0
)(1 + x1z)(1 + x2z)
−2b2 α1
α0
x2
1
(1+x2z)2+x22(1+x1z)
2+(x1(1+x2z)+x2(1+x1z))2
(1+x1z)3(1+x2z)3
.
Set κ1 = (12a
2 α1
α0
− α2
α0
) and κ2 = 4b
2 α1
α0
. The the above equation can be
written as
(29)
F ′′(z) = 2s1x1(1 + x2z) + 2s2x2(1 + x1z)
+κ1(1 + x1z)(1 + x2z)
−κ2(x
3
1(1 + x1z)
−3 − x32(1 + x2z)
−3)/(x1 − x2).
Let us fix
P (t) =
∫ t
−1(2s1x1(1 + x2z) + 2s2x2(1 + x1z)) dz
+κ1
∫ t
−1(1 + x1z)(1 + x2z) dz
−κ2
∫ t
−1(x
3
1(1 + x1z)
−3 − x32(1 + x2z)
−3) 1(x1−x2) dz
+2(1− x1)(1− x2).
Then
F (z) =
∫
z
−1
P (t) dt
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gives a bona fide solution if and only if κ1 and κ2 are such that
(30) P (1) = −2(1 + x1)(1 + x2),
∫ 1
−1
P (t) dt = 0,
and F (z) > 0 for −1 < z < 1. We calculate that
P (t) = (2s1x1 + 2s2x2)(t+ 1) + (s1 + s2)x1x2(t
2 − 1)
+2(1 − x1)(1− x2)
+κ1
(
t+ 1 + (x1 + x2)
(t2−1)
2 + x1x2
(t3+1)
3
)
+ κ22(x1−x2)
(
x21(
1
(1+x1t)2
− 1
(1−x1)2
)− x22(
1
(1+x2t)2
− 1
(1−x2)2
)
)
.
Now the first equation of (30) becomes
(1 + x1x23 )κ1 +
x3
1
x3
2
+2x2
1
x2
2
−x2
1
−x1x2−x
2
2
(1−x2
1
)2(1−x2
2
)2
κ2 = −2(1 + x1x2)− 2(s1x1 + s2x2),
while the second is
(1 + x1x23 −
x1+x2
3 )κ1 +
x3
1
x3
2
+2x2
1
x2
2
−x2
1
−x1x2−x
2
2
+(x1+x2)(2x21x
2
2
−x2
1
−x2
2
)
(1−x2
1
)2(1−x2
2
)2
κ2
= −2(1 + x1x2 − (x1 + x2))− 2(s1x1 + s2x2) +
2
3 (s1 + s2)x1x2.
Thus we have a linear system in the variables (κ1, κ2) with coefficients de-
termined only by s1, s2, x1, and x2. In particular, they do not depend on
a and b. We spot right away that if x1 = −x2, but s1 6= −s2 this system
is inconsistent. If x1 = −x2 with s1 = s2, the system has an infinite num-
ber of solutions with say κ2 as the free parameter. In particular the Kähler
class determined by x1 = −x2 has a constant scalar curvature Kähler metric
(κ2 = 0) in this case. On the other hand, if x1 6= −x2, it is elementary to
check that the linear system has a unique solution (κ1, κ2). In particular, in
that case
κ2 =
2(1− x1
2)2(1− x2
2)2(6(x1 + x2)− 3(s1x1
2 + s2x2
2) + (s1 + s2)x1
2x2
2)
3(x1 + x2)(−4x12 − x1x2 − x13x2 − 4x22 + 8x12x22 − x1x23 + 3x13x23)
,
where (−4x1
2 − x1x2 − x1
3x2 − 4x2
2 + 8x1
2x2
2 − x1x2
3 + 3x1
3x2
3) in the
above expression is always less than zero for 0 < |xi| < 1. Now, using
that sixi < 2 it is not hard to check that for 0 < x1, x2 < 1 (L from
M = P(O ⊕ L) → Σ1 × Σ2 being positive definite), κ2, and hence
α1
α0
, is
never positive. Likewise, κ2 is never positive for −1 < x1, x2 < 0. Moving
forwards we shall, without loss of generality, assume that 0 < x1 < 1 and
−1 < x2 < 0. Unfortunately, (i) of (26) is hard to check in general and
by experimenting with some examples we discovered that in some cases it is
simply not satisfied. This is a situation not unlike the extremal Kähler metric
situation on e.g. ruled surfaces of higher genus. For now, we shall focus on
a few token examples, taking us through the various genera that may occur
for Σ1 and Σ2, where the positivity of F (z) may be verified directly.
3.1. Examples.
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3.1.1. An example with s1 = −s2 = 2, x1 = 1/2, −1 < x2 = x < 0. Since
0 < x1 < 1 and s1 > 0 while −1 < x < 0 and s2 < 0 this corresponds to the
case where Σ1 and Σ2 both have zero genus and M = P(O ⊕ O(1,−1)) →
CP
1 × CP1.
It is easy to check that the linear system has a unique solution unless
x = −1/2.
If x = −1/2, the system simplifies to a unique equation
33κ1 − 16κ2 = −198
which has many solutions, one of them κ2 = 0, i.e. a cscK metric (in fact
Kähler-Einstein [12]) as it is confirmed by Theorem 9 in [3]. This theorem
together with [3, Theorem 8] also tells us that no other values of x correspond
to Kähler classes admitting a cscK metric. If x 6= −1/2, we calculate that
κ1 =
6(x− 2)(3 + 2x+ 7x2)
8 + 5x+ 16x2 + x3
and
κ2 =
−9(1− x)2(1 + x)2(1 + 2x)
8 + 5x+ 16x2 + x3
.
We then observe that for x < −1/2, κ2 > 0 and hence
α1
α0
> 0. For instance,
for x = −3/4,
P (t) = 1
3284(2+t)2(4−3t)2
(
−57636 − 396428t + 431692t2 + 369508t3
−304629t4 − 150804t5 + 60291t6 + 25839t7
)
We observe that P (t) is positive at t = −1, negative at t = 1, and changes
sign only once in the interval −1 < t < 1. Since
∫ 1
−1 P (t) dt = 0, it is
therefore clear that F (z) =
∫
z
−1 P (t) dt > 0 for −1 < z < 1.
Proposition - Example 2. On M = P(O⊕O(1,−1)) → CP1×CP1, with
complex structure J , there exists integral classes L and E, a Kähler metric
ω ∈ 2pic1(L), and a connection A ∈ A
1,1
J (E) such that the triple (ω, J,A) is
a solution to the coupled equations (2) and for which constants (α0, α1, α2)
satisfy α1
α0
> 0. Further, the Kähler class 2pic1(L) admits no constant scalar
curvature Kähler metric.
Remark 3.1. Note that M is a toric bundle on compact homogeneous man-
ifolds, so two torus invariant Kähler metrics can be joined by a smooth ge-
odesic, see [10, Theorem 4]. We also remark that M is a standard compact
almost homogeneous space with two ends [11, Theorem 12.1]. One can apply
[9, Theorem 2 & 3] to deduce the existence of an extremal metric in each
Kähler class. Note that from [11, Section 12], we know that the geodesics on
M satisfy all stability principles and in particular are smooth. Unfortunately
we cannot apply the results of [7, Section 3.5] that hold only in dimension 2 to
deduce the uniqueness of the solution to the coupled equations. Nevertheless,
we conjecture that the constructed solution (g,A) is unique.
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3.1.2. An example with x1 = 1/2, x2 = −1/3, s1 = 2, s2 = 0. We apply a
similar method to Subsection 3.1.1, fixing Σ1 with genus 0 (and k1 = 1) and
Σ2 with genus 1 (and k2 < 0). By applying condition (19) from [3], it is easy
to check that the Kähler class corresponding to these parameters does not
admit a constant scalar curvature Kähler metric. In that case κ2 =
256
327 > 0
so α1
α0
> 0. Furthermore
P (t) = 1
1962(3−t)2(2+t)2
(
12636 − 120588t − 85289t2 + 33646t3
+24982t4 − 5012t5 − 2033t6 + 394t7
)
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and
changes sign only once in the interval −1 < t < 1. Since
∫ 1
−1 P (t) dt = 0, it
is therefore clear that F (z) =
∫
z
−1 P (t) dt > 0 for −1 < z < 1.
Proposition - Example 3. Let M = P(O ⊕ L1 ⊗ L2)→ CP
1 × T 2, where
L1 = O(1) → CP
1 and L2 → T
2 is a negative line bundle on T 2, and let
J denote the complex structure. Then there exists integral classes L and
E, a Kähler metric ω ∈ 2pic1(L), and a connection A ∈ A
1,1
J (E) such that
the triple (ω, J,A) is a solution to the coupled equations (2) and for which
constants (α0, α1, α2) satisfy
α1
α0
> 0. Further, the Kähler class 2pic1(L)
admits no constant scalar curvature Kähler metric.
3.1.3. An example with x1 = 1/2, x2 = −1/3, s1 = 2, s2 = 2. We apply
a similar method to Subsection 3.1.1, fixing Σ1 with genus 0 (and k1 = 1)
and Σ2 with genus h2 > 1 (and k2 = 1 − h2). By applying condition (19)
from [3], it is easy to check that the Kähler class corresponding to these
parameters does not admit a constant scalar curvature Kähler metric. In
that case κ2 =
608
327 > 0 so
α1
α0
> 0. Furthermore
P (t) = 2981(3−t)2(2+t)2
(
3456 − 25860t − 21568t2 + 3239t3
+6188t4 − 319t5 − 502t6 + 50t7
)
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and
changes sign only once in the interval −1 < t < 1. Since
∫ 1
−1 P (t) dt = 0, it
is therefore clear that F (z) =
∫
z
−1 P (t) dt > 0 for −1 < z < 1.
Proposition - Example 4. Let M = P(O⊕L1⊗L2)→ CP
1×Σ, where Σ
is a Riemann surface of genus at least 2, L1 = O(1)→ CP
1, and L2 → Σ is
K
−1
2
Σ tensored by a flat line bundle on Σ. If J denotes the complex structure,
then there exists integral classes L and E, a Kähler metric ω ∈ 2pic1(L),
and a connection A ∈ A1,1J (E) such that the triple (ω, J,A) is a solution to
the coupled equations (2) and for which constants (α0, α1, α2) satisfy
α1
α0
> 0.
Further, the Kähler class 2pic1(L) admits no constant scalar curvature Kähler
metric.
3.1.4. An example with x1 = 1/2, x2 = −2/5, s1 = 0, s2 = 2. We apply
a similar method to Subsection 3.1.1, fixing Σ1 with genus 1 (and k1 > 0)
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and Σ2 with genus h2 > 1 (and k2 = 1 − h2). By applying condition (19)
from [3], it is easy to check that the Kähler class corresponding to these
parameters does not admit a constant scalar curvature Kähler metric. In
that case κ2 =
1029
1475 > 0 so
α1
α0
> 0. Furthermore
P (t) = 1
5310(2+t)2(5−2t)2
(
57622 − 777868t − 363069t2 + 225660t3
+108333t4 − 16656t5 − 7852t6 − 368t7
)
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and
changes sign only once in the interval −1 < t < 1. Since
∫ 1
−1 P (t) dt = 0, it
is therefore clear that F (z) =
∫
z
−1 P (t) dt > 0 for −1 < z < 1.
Proposition - Example 5. LetM = P(O⊕L1⊗L2)→ T 2×Σ, where Σ is a
Riemann surface of genus at least 2, L1 → T
2 is a positive holomorphic line
bundle, and L2 → Σ is K
−1
2
Σ tensored by a flat line bundle on Σ. If J denotes
the complex structure, then there exists integral classes L and E, a Kähler
metric ω ∈ 2pic1(L), and a connection A ∈ A
1,1
J (E) such that the triple
(ω, J,A) is a solution to the coupled equations (2) and for which constants
(α0, α1, α2) satisfy
α1
α0
> 0. Further, the Kähler class 2pic1(L) admits no
constant scalar curvature Kähler metric.
3.1.5. An example with x1 = 1/2, x2 = −4/9, s1 = −1, s2 = 2. We apply a
similar method to Subsection 3.1.1, fixing Σ1 with genus h1 > 1 (and k1 =
2(1−h1)) and Σ2 with genus h2 > 1 (and k2 = 1−h2). By applying condition
(19) from [3], it is easy to check that the Kähler class corresponding to these
parameters does not admit a constant scalar curvature Kähler metric. In
that case κ2 =
71825
348408 > 0 so
α1
α0
> 0. Furthermore
P (t) = 1
348408(2+t)2(9−4t)2
(
6466113 − 159543216t − 40474082t2
54232672t3 + 11937913t4 − 1961120t5 − 731312t6 − 579968t7
)
As before, we observe that P (t) is positive at t = −1, negative at t = 1, and
changes sign only once in the interval −1 < t < 1. Since
∫ 1
−1 P (t) dt = 0, it
is therefore clear that F (z) =
∫
z
−1 P (t) dt > 0 for −1 < z < 1.
Proposition - Example 6. Let M = P(O ⊕ L1 ⊗ L2) → Σ1 × Σ2, where
Σi is a Riemann surface of genus at least 2, L1 → Σ1 is KΣ1 tensored by a
flat line bundle on Σ1, and L2 → Σ2 is K
−1
2
Σ2
tensored by a flat line bundle
on Σ2. If J denotes the complex structure, then there exists integral classes
L and E, a Kähler metric ω ∈ 2pic1(L), and a connection A ∈ A
1,1
J (E)
such that the triple (ω, J,A) is a solution to the coupled equations (2) and
for which constants (α0, α1, α2) satisfy
α1
α0
> 0. Further, the Kähler class
2pic1(L) admits no constant scalar curvature Kähler metric.
The computations in the beginning of Section 2.1 are still valid in the
present setting and using that α1
α0
= κ2
4b2
and α2
α0
= 3a
2
b2
κ2 − κ1, and z = 3a,
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we get that
CYM(g,A) =
∥∥Scal(g) − 2α1
α0
|FA|
2 −
α2
α0
+ 2
α1
α0
|z|2
∥∥2
L2
+
(
1 +
κ1κ2 +
3
2
a2
b2
κ22
b2
)
‖ΛωFA − z
∥∥2
L2
+δ′′(E, [ω],M,α).
Since, as we mentioned earlier, κ1 and κ2 depend only on x1, x2, s1, and s2,
we may conclude that for |b| sufficiently large the solutions we constructed
above to the coupled system are actually minima of the CYM functional.
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